Introduction
Recent developments in string theory have been based on various kinds of duality symmetries. Among them, the T-duality was found first [1, 2] , which changes the size of the compactified space into its inverse in string unit. Although this symmetry was first recognized in the spectra of perturbative strings, it came to be believed that this should hold as an exact symmetry not simply as a perturbative one [3] . Moreover, supergravities in various dimensions were shown also to have this symmetry if they can be obtained from 10-dimensional type IIA/IIB supergravity through dimensional reduction on a d-dimensional torus T d . This fact is well understood for the NS-NS sector of supergravity action [4] .
There the kinetic term of the Kaluza-Klein (KK) scalars (G ij , B ij ) (i, j = 1, ..., d) can be written as
with a 2d × 2d matrix M = (M rs ) = G (r, s = 1, .., 2d) transforms as
3)
The KK 1-forms (G µi , B µi ) give a vector representation of O(d, d; Z) and also have an invariant kinetic term [4] .
On the other hand, as for the sector including R-R potentials, the invariance of the action under the full O(d, d; Z) does not seem manifest in the literature to our knowledge, although some results are obtained for Nahm transformations which generate a subgroup of O(d, d; Z) [5] . Recently, a nice observation was made by Brace, Morariu and Zumino [6, 7] that the invariance would be established if the dimensionally-reduced action could be rewritten as
1 This B ij will be denoted by B 
Furthermore if we think only about the dualities within either type IIA or type IIB, then D = (D α ) will have a definite chirality and thus reduces to a Majorana-Weyl spinor. The main aim of this paper is to present a simple proof for these statements with arbitrary d, and to generalize them in such a way that KK forms of higher degrees are also included.
The present paper is organized as follows. In section 2, in order to fix our convention, we first give a brief review on the invariance of the NS-NS sector and then introduce new potentials D. In section 3, we explicitly construct the spinor representations of
closely following [6, 7] , and then rewrite the R-R kinetic term in section 4. Section 5 is devoted to discussions.
Type IIA/IIB effective actions
Ten-dimensional type IIA/IIB supergravity has the following bosonic action in terms of the string metric [8] :
(2.1)
Here p runs over p = 0, 2, 4, ... for type IIA, and p = −1, 1, 3, ... for type IIB. The xμ (μ = 0, 1, ..., 9) are 10-dimensional coordinates, and gμν, Bμν and φ denote the 10-dimensional metric, NS-NS 2-form and dilaton, respectively. The NS-NS field strength is written as H 3 = d B 2 with B 2 = (1/2) Bμνdxμ ∧ dxν. We adopt a rule that the subscript of a form stands for its degree when it has a definite meaning in 10 dimensions. We also often consider a sum of forms of various degrees like
, and for this we introduce the invariant norm as
The R-R field strengths F p+2 are defined as
The last term S CS in (2.1) is the Chern-Simons term [8] . We do not write down its explicit form here since this term is not relevant to our discussion.
When the ten-dimensional type II superstring is compactified on a d-dimensional torus, various KK forms appear from the NS-NS and R-R fields. We parametrize the 10-dimensional metric as
Here the 10-dimensional coordinates are decomposed as (xμ) = (x µ , y i ) (µ = 0, 1, ..., 9− d; i = 1, 2, ..., d), and we assume that all the fields depend only on the noncompact coordinates x µ . With this parametrization, the kinetic term for potentials will take a complicated form since the KK 1-form
will appear when contracting the indices off-diagonally. To simplify this, we follow the prescription of [4] which we found can be restated as follows. First, given a sum of forms
where the superscript (q) indicates that Ω (q) i 1 ...in is a q-form for noncompact indices:
Second, we introduce a new form Ω ′ by replacing dy i in Ω with dy i − A (1) i , and reorganize it as in (2.6):
Then the kinetic term can be expressed in such a way that all the indices are contracted only with g µν or G ij :
where we have defined
For example, the NS-NS field strength H 3 is rewritten as
where we have introduced
Conversely, we have
which give the original B 2 as
(2.14)
.
Then the NS-NS part of the action will be rewritten [4] as 
This form of action makes manifest its invariance under the T-duality group O(d, d; Z)
provided that the fields transform as
The first transformation rule is equivalent to E = (aE + b)(cE
On the other hand, after toroidal compactification, R-R potentials
will produce KK forms of various degrees. To simplify the transformation laws of these KK forms, we first combine the R-R potentials with the NS-NS 2-form in 10 dimensions as follows:
The R-R field strengths are then expressed with these D p+1 as
These can be written in a simple form
Furthermore, as we did for NS-NS fields, we introduce the primed field for F as
Then the kinetic term will be expressed as
, we in the next section explicitly construct the spinor representation of
; R) by using fermionic operators. We mostly follow the convention of [6, 7] .
Spinor representation of O(d, d; R)
We first recall that the group O(d, d; R) consists of 2d × 2d matrices Λ satisfying
The group O(d, d; Z) is defined as a subgroup that consists of matrices with integer-valued elements. It is known that both are generated by the following three types of matrices [9] :
2)
Note that det Λ B = det Λ R = +1 and det Λ i = −1. Thus one can construct a subgroup
; Z) as such that are generated by Λ B , Λ R and Λ i Λ j .
The Dirac matrices Γ r = (Γ r αβ ) are introduced as
rs (r, s = 1, ..., 2d), (3.5) and the spinor representation S(Λ) = (S αβ (Λ)) is characterized by the property
To construct this representation, we introduce fermionic operators a i † and a i with the anti-commutation relations
We define the hermitian conjugation as 
where α is a multi-index α = (i 1 , ..., i n ) (i 1 < · · · < i n ), and the Dirac matrices can be introduced with respect to this as follows:
Thus, if we can always introduce an operator Λ to any element 12) then, introducing the matrix S αβ (Λ) by Λ | β = α | α S αβ (Λ), we can establish the relation (3.6). For this, it is enough to construct the operators that correspond to the elements given in (3.2)-(3.4), and it is easy to show that the followings are solutions [6, 7] :
Notice that all of these operators give real-valued matrix elements, so that the resulting representation is automatically Majorana. Note also that the Λ i 's do not give a faithful representation so that there are always ambiguities in their orderings.
In order to construct Weyl representations, we define a matrix and the other one with (−1)
. Note that Λ i is a linear function of fermions and thus changes the chirality. Therefore, in order for an operator to preserve the chirality it must correspond to an element in SO(d, d; R).
We finally introduce an operator J that corresponds to J = (J rs ):
where the phase factor is chosen such that J 2 = 1. One can actually prove that
It is easy to check that for all these Λ's (and thus for all elements in O(d, d; R)), their
In particular, we have
Note also that the normalization of the operators (3.13) is correctly chosen such that they satisfy the condition (3.17).
R-R potentials and T-duality
In this section, we show that the kinetic term of R-R potentials is actually invariant under
We first introduce a one-to-one correspondence between the set of forms and the space of creation operators by relating
This actually gives an isomorphism as an algebra. We also take a rule that Ω (q) i 1 ...in has N F = q, and thus it will anticommute with all the fermionic operators when q is odd. We define a state corresponding to Ω as
Note that the following holds for any two forms Ω and Ξ:
Now that we have the above isomorphism, we can introduce the operator corresponding to F in (2.23): 6) we can simply express the operator corresponding to F ′ as
and thus the corresponding state can be written as
Here one can use (2.14) to show that
Therefore we have
where
Since this F ′ is written as in (4.10), we can rewrite the right-hand side as χ | M | χ with 
Furthermore, if we expand D with respect to noncompact indices as
..µq will also tranform as a Majorana spinor: 
Discussion
In the present article, we have given a simple proof that if the R-R potentials C p+1
are combined with the NS-NS 2-form as in (2.21), then their KK forms transform as
Majorana-Weyl spinors under the T-duality group SO(d, d; Z).
There should be various applications once transformation rules are obtained explicitly for the whole T-duality group. One will be to establish relations among various classical solutions of type IIA/IIB supergravities by using the full T-duality group together with the S-duality of type IIB. The work in this direction is in progress and will be reported elsewhere.
We finally make a comment on the dilaton dependence in R-R potentials, assuming the case B 2 = 0 in which there is no distinction between the original R-R potential C and our potential D. Usually we expect that another field strength defined byF p+2 = e φ dC p+1
corresponds to an R-R vertex operator of NSR strings in a flat background. To see this in our formulation, we first recall that we have introduced the ( Thus, noticing that the operator Λ E will carry the factor G 1/4 , we expect that e φ dC will transform as in a flat case.
